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ABSTRACT: Due to the presence of degradation on reinforced concrete structures, recent codes have 
adopted the concept of structures’ durability and service life. The corrosion of reinforcement, which is a 
major cause of degradation, is not mainly related to the appearance of structures, but to structural safety. 
The consequences of corrosion of reinforcement are: (i) reduction of the cross section of the 
reinforcement, (ii) formation of corrosion products leading to loss of bond with concrete, (iii) appearance 
of cracks in the concrete cover and subsequent spalling. A mechanical analytical model to evaluate the 
stresses in the concrete surrounding the reinforcement bars is proposed. A refined model is then proposed 
to evaluate the non linear development of stresses inside concrete and crack propagation when 
reinforcement bars start to corrode. The relationships between the cracking development (mechanical) 
and the reduction of the steel section (electrochemical) are provided. 

 

1 INTRODUCTION 
Degradation processes affecting concrete can be physical (freeze-thaw cycles), 
mechanical (impact, abrasion, erosion), chemical (alkali-aggregate reactions, acid 
attack, sulphate), organic (action of fouling) and structural (overloads, cyclic stresses). 
Some of them, frequently, can work synergistically. When the concrete is reinforced 
with steel, the most frequent phenomenon of deterioration is corrosive attacks leading to 
cracks or spalling caused by the expansion of corrosion products. The main 
consequences of corrosion are: reduction of the cross section of the reinforcement, 
formation of corrosion products leading to loss of bond with concrete, appearance of 
cracks in the concrete cover and subsequent spalling. An up to date review of 
international literature is available in Carè et al. (2008). In this framework the aim of the 
work is to propose two novel mechanical analytical models: the former simulates the 
effects of corrosion to the initiation of the crack, while the latter simulates the 
propagation of the crack until it reaches the external surface of concrete cover. They 
both allow to discuss the influence that the concrete and steel main parameters have on 
cracking process considering the reduction of the bar section due to corrosion. However, 
electrochemical aspects are out of the scope of this work, being summarized by 
volumetric expansion factor, n.  
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2 CHOICE OF MODELING PARAMETERS 
The first step in the mechanical modeling process is the choice of materials’ parameters. 
Concrete is assumed elastic in compression due to the reduced stresses while it is fully 
nonlinear in tension. A bilinear curve is assumed for concrete having an elastic branch 
up to peak tensile strain ct followed by a softening linear branch to zero stress at 
ultimate strain u. The area GF/h under the linear softening curve, related to fracture 
energy, GF, is evaluated according to eq. 5.1-9 of Model Code 2010. To move from 
crack opening wc, to ultimate strain u a characteristic length, h, for concrete equal to 
3dMAX, was assumed, where dMAX is the maximum aggregate dimension.  
Concrete modeling has been performed according to Model Code 2010. The following 
table 1 shows the values of concrete maximum tensile strain ct, the value of 
compressive strength fcm, the value of fracture energy GF and the width of the crack 
when the concrete has reached the value of the ultimate tensile strain u in relation to the 
strength class of concrete. Considered diameters of the bars are 10, simulating 
stirrups, 14 and 20, while concrete cover is selected according to the exposure class 
XS1, equal to 35 mm for a nominal life of 50 years (but also different values have been 
discussed). 

 
Table 1 – Numerical values of concrete parameters according to Model Code 2010 

 

Class  dMAX wc = (2 GF)/fctm cu 

 µm/m MPa mm Nm/m2 µm µm/mm
8 5.16 
16 2.66 C20 70.4 28 
32 

132.99 120.328 
1.40 

8 4.60 
16 2.38 C25 76.3 33 
32 

136.98 106.808 
1.26 

8 4.19 
16 2.17 C30 81.2 38 
32 

140.50 97.016 
1.16 

 

3 INITIATION OF THE CRACK 
3.1 Previous FEM Analysis 
In a previous numerical work (Lignola et al. 2010) the results of 3D FEM models 
conducted for single bar laboratory tests and for real RC structural elements were shown 
for three different strength classes of concrete, three different diameters of 
reinforcement bars and two different values of concrete cover. The main outcome is that 
it is possible to operate with a single bar model to simulate the behavior of RC real 
elements in terms of initiation of cracking. 
The 3D model is uniform and symmetrical along the longitudinal axis of the column, so 
it is possible to scan it in 2D plain-strain average cross-section. The main result found is 
that the crack initiates close to the steel bar, resulting from tension in circumferential 
direction. This is confirmed by experimental evidences proving that the crack starts 
close to the bar and spreads radially (Montuori et al. 2009).  
Previous numerical study showed that the stress induced by the expansion of corrosion 
products can be simulated both by a pressure or a displacement. With regard to the 
proposed analytical models, the pressure exerted by corrosion products can also 
consider the effects of deformation of the oxide layer, while the displacements are used 
as a compatibility condition.  
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3.2 Proposed Analytical Modeling 
Based on previous numerical main outcomes, the novel analytical modeling is based on 
a non linear system of equations ensuring the equilibrium of the bar-oxide-concrete 
system as well as the compatibility of displacements at the interfaces between the layers 
of different materials. Three layers have been defined: inner layer (bar) of radius R0, 
intermediate layer (oxide) of radius R2 and outer layer (concrete) of radius R4. The aim 
is to define the volume of oxide required to determine the initiation of concrete cracking 
and calculate the corresponding percentage of section lost. (Figure 1a). 
 

 
 

(a)                   (b) 
Figure 1 - Geometric scheme for analytical modeling of crack:                                             

(a) initiation, (b) propagation. 
 
The general equations of continuity equilibrium and compatibility are: 

                          (1) 
                         (2) 

         (3) 
                     (4) 

                         (5) 
Equation (1) indicates that the radius R0 of the bar is reduced by the quantity of steel 
consumed, x [µm], and it is worth R1; eq. (2) represents the outer radius R2 of the oxide 
layer of thickness x+y, referring to the oxide inner radius, R1; eq. (3) represents the 
continuity equation where the volume of produced oxide n·(2 ·R0·x+ ·x2) is equal to n 
times the volume of bar consumed ·(x+y)·(2·R1+x+y). Obviously at the beginning of 
the process R0 = R1 = R2, where no oxide is present. 
The coefficient n is the volumetric expansion factor of the oxide. It can be reportedly 
taken between 2 and 6 depending on the type of corrosion products formed Fe2O3, 
Fe(OH)2, Fe(OH)3, Fe(OH)3·3H2O (Pedeferri and Bertolini 2000); eq. (4) represents the 
compatibility of displacements between the oxide layer and the concrete layer, which, 
displaced by the quantity y of formed oxide, reacts with an inward pressure q2 
(displacement S2concrete evaluated in the crown of radii R2, R4 and loaded by internal 
pressure). Oxide layer (crown of radii R1 and R2) is loaded by an internal contact 
pressure with steel, q1, and external contact pressure with concrete, q2. External 
displacement of oxide layer is S2oxide while the internal one is S1oxide. In eq. (5), S1oxide is 
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equal to steel bar displacement, of radius R1, induced by contact internal pressure with 
oxide layer, q1. The following displacement equations are evaluated according to 
Lignola et al. (2008): 

           (6) 

 
                                 (7) 

                                 (8) 

 
                                 (9) 
The following elastic parameters are mentioned: 

s, o, c, represent Poisson coefficients, respectively, of steel, oxide and concrete. These 
are all made equal to the value of concrete (0.2), in order to neglect the effects of 
differential expansion; Es, Eo, Ec, linear Young's moduli respectively of steel, oxide and 
concrete. Into the concrete layer it can be evaluated the circumferential tension, , at 
the interface with the oxide: 

                         (10) 
When it is equal to concrete tensile strength, fctm, it causes the initiation of concrete 
cracking. 
Given the values of , R0, R4, n, Poisson coefficients and Young’s moduli, by using 
nonlinear equations (1) to (10) it is possible to find values of bar reduction, x, and 
percentage of section lost defined as 1-(R1/R0)2 at initiation of cracking. 
Figure 2a shows the evolution of circumferential stress, , in concrete, related to bar 
reduction, x. In this case R0 = 7 mm, concrete strength class C30/37, oxide Young’s 
modulus Eo = 130 MPa, according to Carè et al. (2008) and variability of n is 
considered. Maximum dimension, dMAX, of Quartzite type aggregate is assumed equal to 
32 mm.  
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          (a)                 (b) 

Figure 2 - (a) Circumferential tensile stress  vs bar reduction x,                                          
(b) section lost vs Young’s modulus of oxide at initiation of cracking. 
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Since uncertainty on oxide modulus, Eo, can be found, it is changed in a wide range 
moving from about 130 MPa (suggested by Carè et al. 2008) up to a very stiff value 
equal to Young’s modulus of steel (Es = 210,000 MPa). Results are shown in Figure 2b 
considering variability of net cover R4-R0 and concrete classes. Figure 2b clearly shows 
that, in terms of initiation of crack, from a mechanical point of view, greater 
dependence is on the strength class of concrete, while the thickness of the concrete 
cover has less effect, like as the oxide modulus, E0. 
3.3 Parametric Analysis Results 
In order to better understand the analytical model of cracking propagation it is important 
to briefly show the results about parametric analyses for the crack initiation only. In 
particular it is important to underline the influence that each parameter has on crack 
initiation. 
• Reduction of bar cross section increases when the value of the oxide Young’s 
modulus, Eo, reduces, while the percentage of section lost lightly decreases when bar 
diameter increases; 
• Reduction of bar is higher for low values of volumetric expansion factor of oxide, n, 
and increases when bar diameter grows. In terms of percentage of section lost, however, 
the diameter of the bar has negligible influence; 
• The percentage of section lost depends on concrete cover, being higher when the 
value of the concrete cover increases and seems not to depend on bar diameter when 
concrete cover reaches thickness values higher than usual Code prescriptions of about 
35 mm. 

4 PROPAGATION OF CRACKING 
4.1 Analytical Modelling 
The following model describes the propagation of cracking. Its validity begins when  
at inner concrete is equal to tensile strength value (i.e. since crack initiation). A fourth 
layer of internal radius R2 and external radius R3, made of cracked concrete, has to be 
defined (Figure 1b). Obviously, referring to crack initiation, that is the beginning of 
propagation, it is R3 = R2. It is possible to define the equilibrium equations of the four 
layers (bar, oxide, cracked concrete and not cracked concrete) and the compatibility 
equations for the three interfaces between the layers. The equations (1), (2), (3), (4) and 
(5) are still valid, (even if, in eq (4) S2crackedconcrete replaces S2concrete) and they are added: 

                     (11) 
 

           (12) 
solving the integral in eq. (11), according to the assumption on concrete model in 
tension, it is obtained: 

(11b)
Equation (11) and then (11b), after solving the integral, represents the equilibrium of the 
cracked concrete compressed radially along the inner (R2) and outer (R3) circumference 
by pressures q2 and q3 and circumferentially by the stresses of cracked concrete in 
softening (whose resultants is represented by the integral). Equation (12) represents the 
radial deformability of cracked concrete due to the pressures q2 and q3 (note that 
cracked concrete is not modeled as a continuous crown but as series of struts delineated 
by radial cracks). The following displacement equations are evaluated according to 
Lignola et al. (2008) for oxide and not cracked concrete crowns: 
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                                 (13) 

      (14) 
The circumferential stress, , at the interface between the crown of cracked concrete 
and not cracked concrete (i. e. R3) must always be equal to the maximum tensile stress 
of concrete. At the position of the crack tip, R3, where tensile strength is attained, it is: 

(15) 
Increasing of tensile circumferential strains generates increasing of cracked concrete 
radius R3, to the point of full propagation of cracking R3 = R4, when crack front reaches 
the outer surface of concrete cover. 
Given the values of R0, R4, n, Poisson coefficients and Young’s moduli, by using 
nonlinear equations (1) to (15) it is possible to find values of bar reduction, x, and the 
percentage of section lost, for a given propagation of crack, R3. The crack propagation is 
0% and 100%, respectively when R3 = R2 and R3 = R4. 
In this way, increasing bar reduction, x, it is possible to check the propagation of 
cracked concrete front, R3 (relation between x and R3). Figure 3a shows the propagation 
of cracked concrete front (increase of R3 from R2 to R4) with the increase of bar 
reduction, x, in the same case examined in Figure 2a. It is observed that R3 starts from a 
value of 7.0009 mm that corresponds to the initiation of cracking (with a bar reduction  
x = 0.6023 µm) and asymptotically reaches the value R4 = 42 mm (e.g. with a bar 
reduction x = 6.52132 µm, in case of n = 2.5, concrete strength class C30/37, R0 = 7 mm 
and concrete cover R4-R0 = 35 mm).  
Variability of Young’s modulus of oxide Eo, was considered in this case concerning a 
crack propagation at 99% of concrete cover in Figure 3b. In terms of crack propagation, 
greater dependence is on the concrete cover dimensions, while the class of concrete has 
less effect. This highlights that, differently from crack initiation model, the crucial 
parameter is the concrete cover. 
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                                   (a)                                                              (b) 

Figure 3 - (a) Section lost vs increasing of cracked concrete front R3                                  
and (b) section lost vs Young’s modulus of oxide Eo at 99% propagation. 

 
4.2 Parametric Analysis 
Other tests have been conducted considering the variability of n, concrete net cover R4-
R0 and concrete strength class.  
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Figure 4a shows percentage of section lost concerning a crack propagation at 99% of 
concrete cover thickness related to bar radius, R0, and to Young’s modulus of oxide, Eo, 
in case of concrete cover R4-R0 = 35 mm and n = 2.5. 
It is observed that greater dependence is not related to Young’s modulus of oxide, Eo, 
but percentage of section lost decreases with increasing of bar radius R0. 
Figure 4b shows percentage of section lost when propagation of cracking reaches 99% 
of concrete cover thickness, related to value of n in the range (2÷6). It is observed that 
greater dependence is with n and percentage of section lost increases when n decreases. 
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                                   (a)                (b) 

Figure 4 - Section lost vs (a) bar radius at 99% propagation                                                 
and (b) n, at 99% propagation. 

 
Figure 5a shows percentage of section lost when propagation of cracking reaches 99% 
of concrete cover thickness, related to concrete net cover R4-R0, in case of n = 2.5 and 
Eo = 130 MPa. It is observed that greater dependence is with bar radius, R0 and that 
percentage of section lost increases with increasing of concrete net cover (R4-R0).  
Figures 5b and 6a show the same parameters related to the maximum diameter and type 
of aggregate, respectively. The variability depends on the variation of fracture energy 
and the effects on section lost are negligible with bar diameter for bigger aggregates. 
The bigger is the aggregate, the lower is the fracture energy: hence the crack 
propagation proceeds faster and reaches the outer surface even with a lower corrosion 
level. The same happens using more compact rocks (e.g. basalt instead of sandstone), 
simply leading to higher concrete modulus, Ec. 
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Figure 5 - Section lost vs (a) concrete cover R4-R0 at 99% propagation                                 
or (b) bar diameter R0, at 99% propagation. 
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Figure 6b refers to concrete creep, analyzed as concrete stiffness reduction due to long 
term sustained loads. In a simplistic way, assuming a creep reduction factor for concrete 
as a factor 1/(1+ ), increasing  with time and sustained load, the higher is the creep 
factor, the higher is the percentage of section lost. 
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Figure 6 - Section lost vs (a) bar radius or (b) creep reduction factor ,                                  
at 99% propagation. 

5 CONCLUSION 
This analytical study started from a previous numerical one showing that under correct 
geometrical assumptions (the net value of cover concrete, R4-R0, is equal to the 
minimum between concrete cover and half clear distance between bars) the simple 
“single bar” model is able to simulate real RC members’ behavior in terms of concrete 
cracking. 
The proposed mechanical analytical models are based on a nonlinear system of 
equations of equilibrium (bar-oxide-concrete) and compatibility (boundaries of the 
layers). 
Initiation of cracking. Reduction of bar due to corrosion at cracking initiation depends 
on the amount of oxide formed. Set the value of its Young’s modulus, Eo, the 
dependence from n is very high and the bar reduction, leading to crack initiation, 
increases as n decreases. As bar radius, R0, and concrete radius, R4, increase, the bar 
reduction at crack initiation increases, too. From a mechanical point of view, the 
dependence on concrete net cover R4-R0 is reduced, even if, from an electrochemical 
point of view, a greater concrete cover slows down the penetration of aggressive agents 
and the consequent process of initiation of bar corrosion, because it provides an higher 
protection to bars. 
Propagation of cracking. Splitting concrete into two layers (cracked and uncracked), 
propagation depends still on the same parameters, but the dependency is somehow 
different from previous case. Oxide production increases slightly as Eo decreases. 
Parameters like as type or dimensions of aggregates, and creep effects, dramatically 
influence the corrosion process and crack propagation, that can be all simulated by 
means of the proposed models. 
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